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the nonlinearity. 
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1 Introduction 



Let us consider the Schrodinger equation (LS) 



d 

i—u{t,x) = Hou{t,x), u{0,x) = (j){x) 



'l.V. 



where Hq is the self-adjoint realization of —A in L (R-") ,n>l, 



n pjl 

Y — 

7=1 ^-^3 



:i.2i 



The domain of Hq, D{Ho), is the Sobolev space W2- The solution to ( [L.l|) is given by 
e~**^°0, where the strongly continuous unitary group e"**^" is defined by the functional 
calculus of self-adjoint operators. The kernel of e"**^" is given by ( see Example 3 in page 
59 of ) (47rit)-"/2e*l^-2'l From this explicit expression for the kernel it follows that 
the restriction of e~**^" to L^(R"') fl Lp(R") extends to a bounded operator from Lp(R") 
into LP(R") such that 



-it Ho 



< 



c 



B{Lp(R"),Lp(R")) - ^"(^-5) 



t > 0, 



;i.3) 



for some constant C, 1 < p < 2, and - + ^ = 1, and where for any pair of Banach spaces 
X, Y we denote by B{X, Y) the Banach space of all bounded linear operators from X into 
Y. In the case when X = Y we use the notation B{X). Estimate ( |1.3|) expresses the 
dispersive nature of the solutions to ([n|) and it is a fundamental tool in the study of the 
nonlinear Schrodinger equation: 



d 

i—u = Hqu + f{u) 



;i-4) 



since it allows to control the nonlinear behaviour of the solutions to ( |1.4| ), that is produced 
by f{u), in terms of the dispersion that is produced by the linear term Hqu. See for example 

i, i, i, 



13, [H, H, PI, [H, m and n 



In the case of a linear Schrodinger equation with a potential (LSP): 



■ 9 , , 
i—u{t,x) 



(Ho + V)u{t,x), u{0,x) = 0, 



where is a real- valued function defined on R" such that the operator H :- 
self-adjoint on D{Hq), Journe, Soffer and Sogge |]T3[ proved that for n > 3 



1.5) 



Ho + V is 



-it Ho 



Pr 



B(lp(R"),Lp{R")) 



< 



C 



t 



2 I 



(1.6) 



for 1<J9<2, ^ + 4 = 1 and where Pc is the orthogonal projector onto the continuous 
subspace of H . Note that ( [1.6|) can not hold for the pure point subspace of H . Estimate 
(p..6[) is the natural extension of (|1.3[) to the case with a potential. Besides conditions on 



the regularity and the decay of V (see equation (1.6) of |jT^) Journe, Soffer and Sogge 
require that zero is neither a bound state nor a half-bound state for H . The proof given 
by |]14| consists of a high-energy estimate that is always true and of a low-energy estimate 
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where the condition that zero is neither a bound state nor a half-bound state was used. 
The low-energy estimate of |]14| was obtained by studying the behaviour near zero of the 



spectral family of H. For this purpose Journe, Soffer and Sogge [|1J] used the estimates on 
the behaviour near zero of the resolvent of H obtained by Jensen and Kato |T^, and 



for n > 3. It is actually here that the restriction n > 3 appears in the result of |n 



One way to understand the reasons for the restriction to n > 3 is to look to the kernel of 
the free resolvent, {Hq — z)~'^ . For n = 3 this kernel is given by 

1 piy^\x-y\ 

^1 r- ^^-^^ 

Air \x — y\ 

Note that (1/^) behaves nicely as z ^ 0. In the case n > 4 the kernel of the free resolvent 
has also a nice behaviour as ;z — 0. This fact is the starting point of the analysis of Jensen 



and Kato in [|1^, |jTT| and ||T2|, who use perturbation theory to estimate the behaviour 
near zero of the resolvent of H. In the case n = 1 the kernel of {Hq — z)~^ is given by (see 
Theorem 9.5.2 in page 160 of El 



2v^ 



i^\x-y\ 



The kernel ( [1.8| ) is singular as 2; — > and an approach as in |]14| , , |TT]] and [|T2] does not 



appears to be convenient. We take in Section 2 below a different point of view. We base our 
analysis of the low-energy behaviour of the spectral family of H on the generalized Fourier 
maps that are constructed from the scattering solutions '^^{x,k),x,k G R. The crucial 
issue here is that for n = 1 the construction of the scattering solutions can be reduced to 
the solution of Volterra integral equations. More precisely, the scattering solution is given 
in terms of the Jost solutions, fj{x, k),j = 1, 2, as follows: 



'^+ix,k) 




k>0, 



A; < 0, 



1.9) 



where T{k) is the transmission coefficient. The fj are solutions to Volterra integral equa- 
tions that are obtained by iteration as uniformly convergent series. See [|], and 0. 
This fact allows for a detailed analysis of the low-energy behaviour of the spectral family 
of H that coupled with a high-energy estimate allows us to prove in Section 2 an estimate 
like (|1.6|) in the case n = 1. 

Since in what follows we only consider the case n = 1 we denote below by L^, 1 < p < 
00, the space (R}). For any s G R let us denote by L] the space of all complex-valued 
measurable functions, 6, defined on R such that 



I |(/)(x)|(l + |a;|)"da: < 00. 



;i.io) 



L\ is a Banach space with the norm ( |1.1CI| ). Below we always assume that V & L\. It 



follows from the existence of the Jost solutions and since the eigenvalues of — ^ + V{x) 
are simple (see |0]) that the differential expression r := — ^ + V{x) is in the limit point 
case at ±00. 
domain 



Then by the Weyl criterion (see 



Dir) 



P^ ) r is essentially self-adjoint on the 
iand0 are absolutely continuous and r</) G | , (l-H) 
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where we denote by = ^0(2;) and by the set of all G that have compact 
support. We denote by H the unique self-adjoint realization of r. It is known that the 
absolutely continuous spectrum of H is given by aac{H) = [0, 00), that H has no singular 
continuous spectrum, that H has no eigenvalues that are positive or equal to zero and that 
H has a finite number, A^, of negative eigenvalues that are simple and that we denote by 
—Pjf < Pn-i < ■ ■ ■ < —j3f < 0. Let F denotes the Fourier transform as a unitary operator 
on 

F(j){k) = ^= / e-"'''(j){x)dx. (1.12) 



2tt 

We will also use the notation := F(j){k). For any a G R let us denote by Wa the 
Sobolev space consisting of the completion of the Schwartz class in the norm 

HL--=\\{i + k'r^'ml,- (1-13) 

We denote by h the following quadratic form 

M0,^):= (0,^)^2 + (\/0,V')l2, (1.14) 

with domain D{h) = Wi. Since V E L\ G = it follows from Theorem 8.42 in 
page 147 of |^ and from the remarks above Theorem 9.14.1 in page 183 of that h is 
closed and bounded from below and that the associated operator, Hh, is self-adjoint with 
domain, D{Hh) C Wi. Since -D(t) C Wi it follows that is a self-adjoint extension of 
r and as r is essentially self-adjoint we have that H = and then D{\H\) = Wi. For 
M, V any pair of solutions to the stationary Schrodinger equation: 

(f 

- —u + Vu = k\, keR, (1.15) 
let \u, v] denotes the Wronskian of u and v: 



[u,v] := uv — uv. (1-16) 

A potential V is said to be generic if the Jost solutions at zero energy satisfy 
[/i(x, 0), /2(a;, 0)] 7^ and V is said to be exceptional if [/i(x, 0), /2(a;, 0)] = 0. If the 
potential V is exceptional there is a bounded solution (a half-bound state ) to the equa- 
tion ( |1.15| ) with k = 0. See for these definitions and a discussion of related issues. 



Let Pc denotes the projector onto the continuous subspace of H. Note that Pc = I — Pp, 
where Pp is the projector onto the finite dimensional subspace of generated by the 
eigenvectors corresponding to the N eigenvalues of H. 

Our mail result is the following theorem that we prove in Section 2. 

THEOREM 1.1. (The L} — L°° estimate ). Suppose that V E L}^ where in the generic 
case 7 > 3/2 and in the exceptional case 7 > 5/2. Then for some constant C 



itH 



Pr 



c 

<^,t>0. (1.17) 



4 



COROLLARY 1.2. (The 



1.1 are satisfied. Then for 1 < p < 2 and ^ + ^ 



estimate). Suppose that the conditions of Theorem 
1 



-itH 



Pr 



B{LP,LP) 



< 



c 



t^P 2) 



t > 0. 



(1.18) 



COROLLARY 1.3. (The espace-time estimate). Suppose that the conditions of Theo- 
rem 1.1 are satisfied. Then 
(a) 

e-''"P,e B(l^,L%RxR)) . (1.19) 



(b ) If moreover, H has no negative eigenvalues and 



t^u{t, x) = Hu{t, x) + g{t, x), u(0, x) = /(x), (1.20) 



then 



\u(t, a;)||j^8(R,xR) — ^ 



L2 + ||5'IIl8/5(RxR) 



:i.21) 



In the case V = and n > 1 Theorem 1.1 and Corollaries 1.2 and 1.3 were proven 
by Strichartz in [Q. They were proven in for > 3 and V satisfying appropriate 
conditions on regularity and decay (see W^, equation (1.6)). In WM it was assumed 



moreover, that zero is neither a bound state nor a half-bound state. Note that we do not 
have to assume that zero is not a half-bound state for Theorem 1.1 and Corollaries 1.2 
and 1.3 to hold. In our case it is enough to require that V has a slightly faster decay at 
infinity when there is a half-bound state at zero. 

Theorem 1.1 and Corollaries 1.2 and 1.3 open the way to the study of the scattering 
theory for the nonlinear Schrodinger equation with a potential (NLSP): 

^^u = Hu + f{\u\)^^. (1.22) 
ot \u\ 

As a first application we study in this paper the low-energy scattering for the NLSP and 
we prove that the low-energy limit of the scattering operator uniquely determines the 
potential and the nonlinearity. For this purpose we proceed as in |^ were the case n > 3 



was considered. Let us assume that H has no negative eigenvalues. Then H > and since 
D{y/H) = Wi the operators ^H + l (-A + l)-^/"^ and V-A + 1 {H + 1)^^/2 bounded 
in LF' . It follows that the norm associated to the following scalar product 

(0,^)x:= (v/FTT0,yFTT^)^,, (1.23) 

is equivalent to the norm of Wi. We denote by X the Sobolev space Wi endowed with 
the scalar product ( [1.23| ). The space X is a Hilbert space. Clearly, e~**^ is a strongly 
continuous group of unitary operators on X. For any 5 > we denote: 

X{5):={<PeX:U\\x<5}. (1.24) 

Let us denote X3 := and r = {j)—l)/{l—d) with d := ^(p — l)/(p+l) and 5 < p < 00. 
In what follows for functions u{t,x) defined on R x R we write u{t) for u{t, ■). 
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THEOREM 1.4. (Low-energy scattering). Suppose that V & Ll^ where in the generic 
case 7 > 3/2 and in the exceptional case 7 > 5/2 and that H has no negative eigenvalues. 
Assume moreover, that the function f in (\1.2^ ) is defined on R, that it is real-valued and 
. Furthermore, /(O) = and 



d 



<c|/i 



ip-i 



;i.25) 



for some 5 < p < 00. Then there is a 6 > such that for every 0_ G X{6) there is a 
unique solution to the NLSP, u(t,x), such that u G C(R, X) fl L^'(R, X3) and 



lim 



uit) 



-itH , 



Moreover, there exists a unique 0+ G X such that 



lim 

t— >oo 



u{t) — e 



-itH , 



X 



X 



0. 



0. 



;i.26) 



;i.27) 



For allt 



1 



Ht)\\ 



^+ / F{\umdx 



:i.28i 



ill^-lli^l 

where F is the primitive of f such that F{0) = 0. In addition the nonlinear scattering 
operator S'y : 0_ — > 0+ is a homeomorphism from X{6) onto X{6). 



Theorem 1.4 is proven in Section 3 using Theorem 1.1, Corollaries 1.2 and 1.3 and the 



abstract low-energy scattering theory of Strauss [0, p8[. The scattering operator Sy 
compares solutions of the NLSP ( 1.22|) with solutions to the LSP ( |1.5|) . To reconstruct V 
we consider below the scattering operator, S, that compares solutions to the NLSP with 
solutions to the LS ( p^ . For this purpose let us consider the wave operators 



s- lim e**^e-**-^°. 

t— utoo 



(1.29) 



The W± are unitary on (note that H has no eigenvalues). The existence of the strong 
limits in ( |1.29| ) is well known (see Theorem 9.14.1 in page 183 ofp^). Moreover, by the 
intertwining relations, ^/HW± = W±^/HQ and as D{^/H) = Wi, we have that W± and 
belong to B{Wi) and for < 61 < 6 they send X{6i) into X{6) if 61 is small enough. 
Let us define: 

S := WlSvW.. (1.30) 

Take 61 so small that W-X{6i) C X{6) with 6 as in Theorem 1.4 and then 62 so large 
that WIX{6) C X{62). Then S sends X{6i) into X{52). Moreover, for any ^_ G X{5i) 
let us take in Theorem 1.4 0_ = W-ip- and let u{t,x) and 0+ be as in Theorem 1.4. Let 
us denote ip+ '■= Sip- = W^(j)+. Then by Theorem 1.4 and ( |1.29| ) 



lim 

t— >itoo 



u(t, x) 



-itHo 



± 



L2 



0. 



;i.3i) 



That is to say, S sends the initial data at t = 0,ip-, of the incoming solution to LS to the 
initial data at t = 0,ijj+, of the outgoing solution to LS. Let us denote by Sl the linear 
scattering operator corresponding to the LS and the LSP: 



Sl := WIW-. 

In Theorem 1.5 below, Sl is reconstructed from the low-energy limit of 5*. 



;i.32) 
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THEOREM 1.5. Suppose that the assumptions of Theorem I.4 are satisfied. Then for 
every (f),ip E X 

lim(5e0,V')i2 = (^L0,^)i2 . (1.33) 

Since, as is well known, from Sl we can uniquely reconstruct V we obtain the following 
Corollary. 

COROLLARY 1.6. Suppose that the assumptions of Theorem 1.5 are satisfied. Then 
the scattering operator, S, uniquely determines the potential V . 

In the case where f{u) = X\u\p, we can also uniquely reconstruct the coupling constant A. 



COROLLARY 1.7. Suppose that the assumptions of Theorem I.4 are satisfied and that 
moreover, f{u) = A|m|^, for some constant A. Then the scattering operator, S, uniquely 
determines the potential V and the coupling constant A. Furthermore, for a// 7^ G 

1 {{Sv-I)e<P,<P)L^ 



A = lim 



|1+P 



40 eP 

Remark that by Sobolev's imbedding theorem X C L^^^. Then by (|1.18| ) 

i+P 



< 



roo 








J — 00 





dt < 00. 



;i.34) 



;i.35) 



Theorem 1.5 and Corollaries 1.6 and 1.7 are proven as in |^ (see Section 3). 

We use below the letter C to denote any positive constant whose particular value is 
not relevant. 



2 The LP - LP Estimate 

We assume that V E L\. For any complex number, k, we denote by 3?/c and '^k, respec- 
tively, the real and the imaginary parts of k. The Jost solutions fj{x,k),j = 1,2, are 
solutions to the stationary Schrodinger equation 

" " " ' - -2 



^^J,{x, k) + V{x)f,{x, k) = k'f,{x, k) (2.1) 

were '^k > 0. To construct the Jost solution we define mi{x,k) := e~'^^^ fi{x, k) and 
m2{x, k) := e*'^^/2(x, k). They are, respectively, solutions of the following equations: 

d'^ d 

——^mi{x, k) + 2ik—mi{x, k) = V{x)mi{x, k), (2.2) 
d'^ d 

--—m2{x, k) — 2ik—m2{x, k) = V{x)m2{x, k). (2.3) 
The mj{x, k),j = 1, 2, are the unique solutions of the Volterra integral equations 

roo 

mi{x,k) = l+ Dk{y - x)V{y)mi{y,k)dy, (2.4) 

Jx 
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m2{x,k) = 1+ / Dkix -y)V{y)m2{y,k)dy, 



where 



Dkix) :-- 



''dy 



1 f p2ikx 



X, 



1), A;^0, 



A; = 0. 



(2.5) 



(2.6) 



Note that /i(x, /c) ~ e as a; — * oo and that f2{x,k) ~ e~ as a; ^ — oo. A detailed 
study of the properties of the 'mj{x,k),j = 1,2, was carried over in 0. Here we state a 
number of resuhs from that we need. In what follows we denote by C any positive 
constant whose specific value is not relevant to us and by g{x, k) := ^g{x, k). For each 
fixed X G R the mj{x, k) are analytic in k for ^k > and continuous in Qk > and 



\mi{x, A;) — 1| < C 



\m2{x, k) — 1\ < C 



1 + max(— X, 0) 
1 + \k\ ' 

1 + max(x, 0) 



(2.7) 

1 + 1*1 ■ f^'**) 

Moreover, 7hj{x, k),j = 1, 2, exits for Qk > 0, k ^ 0, k7hj{x, k) is continuous in k for each 
fixed X G R and for each fixed Xq G R there is a constant C^^ such that 



\mi{x,k)\ < C T^,a; > xq, 
\k\ 



|m2(x, A;)| < C^g Tu'^ - ^o- 



(2.9) 
(2.10) 



In the Lemma below we slighly improve the estimates ( |2.9| ) and ( p.lO| ) under the assump- 
tion that V" G for 1 < 7 < 2. 

LEMMA 2.1. Suppose that V e L}^ for some 1 < 7 < 2. Then for each xq G R there is 
a constant C^q such that 



|mi(x, k)\ < C; 
|m2(x, k)\ < C 



Xo 



\k\^( 


1+1^1)^-1 








[1+1^1)7-1 



J,X> Xo, 



-,X < Xq. 



(2.11) 



(2.12) 



Proof : We give the proof in the case of mi(x, k). The case of m2{x, k) follows similarly. 
It follows from (U) that for A; 



DJx] 



1 r (d_ 



k Jo 



2iky 



dy 



< 2 



|x| 

1^' 



and that 



Du(x] 



< Ixl. 



By ( pT3[) and (^) for any 1 < 7 < 2 



\DJx)\ < 



22-T|x|T 

|A;P-7 ■ 



(2.13) 
(2.14) 

(2.15) 
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Since (|2.4| ) is a Volterra integral equation, mi{x, k) is obtained by iteration 

mi{x,k) = lim mi_„(a;, /c), 

where mifi{x, k) = 1 and for n = 1,2, ■ ■ ■ 

n 

mi^n{x, k) = 1 + '^gi{x, k). 



where 

gi{x,k) 



Dk{xi - x)Dk{x2 - xi) ■ • • Dk{xi - xi-i)V{xi) ■ ■ ■ V{xi)dxi 



I X<Xl<X2<---<Xl 

Moreover, the rrii^n satisfy the following equation for n = 0, 1, ■ ■ • 

;>oo 

mi,„+i(x, fc) = 1 + / Dk{y - x)V{y)mn{y,k)dy. 

Jx 

Then, 

/•oo , roo 

rni,n+iix,k) = Dk{y - x)V{y)'mn{y,k)dy + Dk{y - x)V{y)mn{y,k)dy. 

Jx Jx 

Furthermore, since by ( p.6|) 

\Du(x)\ < \x\, 



it follows from (^UEj ) that 



\9i{x,k)\<^(^J^ {y-x)V{y)dy 



(2.16) 
(2.17) 

■ ■ dxi . 

(2.18) 

(2.19) 

(2.20) 
(2.21) 

(2.22) 



and then by ( |2.17| ) for x > xq 

" 1 / 

\m,,n{x, fc)l < 1 + E (X (y- ^Wiy)\dy 

< ,(r(i-oi+i.i)iv^(.)M.)^ ^ > 

We can now estimate the first integral in the right-hand side of (|2.2(]| ) as follows 



(2.23) 



Dkiy - x)V{y)mn{y, k)dy 



< 



22-7 



\k\ 



2-7 



x\^ |-\/(y)|e/r(l^ol+ls'l)l^(2')l'^2' < C 



A;|2-7 



where we used (|2.15| ). Then using again (|2.20|) and ( p.21|) we obtain that 

C 

|mi,„+i(a;,/c)| < + I \y - A\y{y)\\^n{y,k)\dy. 



Since mQ{y, fc) = 1 it follows from ( p.25| ) with n = that 

C 



|"^i,i(a;, A;)| < 



\k\ 



2-7" 



^2.24) 



(2.25) 



(2.26) 



Then by (|2.25| ) we have that 



C 

\rni^2{x,k)\< y^^^(l + g(x)),x > xo, 
where _ 

poo 

q{x) := / i\x\o + \y\)\V{y)\dy, 
and then, iterating ( p. 25 ) n — 1 more times we prove that 

Taking the hmit as n — > oo in (|2.29|) we prove that 

C 

\mi{x,k)\ < — — -e'^^'^^x > xq. 

Since V E L}^ C L\, we can take 7 = 1 in (|2.30|) and then 

C 

ImAx, k)\ < — e''^^\ X > xq. 
\k\ 

Equation ( PTTD follows from (^) and (g). 



(2.27) 
(2.28) 

(2.29) 



(2.30) 



(2.31) 



COROLLARY 2.2. Suppose that V G L}^, for some 1 < 7 < 2. Then for each xq G R 
there is a constant Cxq such that for all Qk > 



mi(x, k) 



rh2{x, k) 



< C 



XO 



1 + 



1 + 



\k\^ 



|fc|2(l + |A;|)^-i 



.X> Xo, 



X < Xq. 



|fc|2(l + |A;|)^-i 

Proof : We prove ( 2.32 ). The proof of ( p.33| ) is similar. By ( p.4| ) and 

/•CO 

mi(x, A;) = - / e^^'=(^^^V(i/)mi(y, A;)rfy, 

and then 



(2.32) 
(2.33) 



(2.34) 



mi(x, k) = - 2ie^'''^y-''\y - x)Viy)mi{y, k) + e2*'^(^-^V(i/)mi(?/, A;) dy. (2.35) 



It follows from (^T^ and (p:^ ) that 



rhi{x, k) 



<Cxo 



1 + 



|A;|2(1 + |fc|^-i) 



, X > Xq. 



(2.36) 
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LEMMA 2.3. Suppose that V G Ll, for some 2 < 7 < 3. Then for every xq G R there 



is a constant C^q such that 



\rni{x,k) - mi (a;, 0)1 < C^^^\ky~'^,x > Xq, 
|m2(x, k) - m2{x, 0)| < C^o\k\'^'^,x < Xq. 
Proof: It follows from the definition of Dk{x) in (p.6|) that 



Dk{x) - Do{x) 



and that 



Dk{x)-bQ{x) <2\x\\ 
Then for any 2 < 7 < 3 there is a constant, C^, such that 

I)fc(x) - Z)o(x) < C^\k\^-'^\x[< . 



(2.37) 
(2.38) 

(2.39) 
(2.40) 

(2.41) 



We obtain from ( ^^201) that 

mi^n+i{x, k) - mi,„+i(a;, 0) 



Dk{y - x) - Do{y - x) V{y)mn{y,k)dy+ 



[Do{y - x)V{y) [niniy, k) - mn{y, 0)] + [Dk{y - x) - Do{y - x)] V{y)mn{y, k)} dy+ 

(2.42) 



Do{y - x)V{y) [m„(?/, k) - m„(?/, 0)] dy. 
Moreover, by (|2]2|) and ( plilD 



Dk{y -x) - Do{y - x)J V{y)mn{y, k)dy 
By ( p:^ with 7 = 2 

\mi^n{x,k) -mi,„(x, 0)1 = 

and then by (|]T|) 



<C^,\k\^-\x>xo. 



mi „(x, s)ds 



Do{y - x)V{y) [m„(y, k) - niniy, 0)] dy 

Moreover, by (|2.^ ) 

\Dk{y)-Do{y)\< 
and it follows from ( |2.29|) with 7 = 2 that 



< |A;|, X > Xq. 



(2.43) 

(2.44) 

(2.45) 
(2.46) 



<ajfc|,x>Xo. (2.47) 



[Dfcd/ - x) - L'o(z/ - x)] V{y)mn{y, k)dk 

Then we obtain from ([CTj ), (|2^), (g^), (g^ and (|2^ that for |A;| < 1: 

|m„+i(x, fc) -m„+i(x,0)| < C^^\k['~'^+ 
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{y - x)\V{y) \ \mn{y,k) - mn{y,0)\dy,x > Xq. 
But since mo(a;, k) = 1 it follows from ( |2.48| ) with n = that 

\mi^i{x,k) -mi,i(x,0)| < C^^J/cl'^"^ 
Iterating (|2.48|) n more times we prove that 

k) - mi,„+i(x, 0)1 < C,,\k\^-^ (^1 + f: 



with q{x) as in (|2.28| ) and taking the limit as ^ oo we have that 

|mi(x, A;) - mi(x, 0)| < C^,\k\''-^e''^''\ x > xq, 
and this proves ( |2.37|) . Equation ( |2.38|) follows similarly. 



(2.48) 



(2.49) 



(2.50) 



(2.51) 



COROLLARY 2.4. Suppose that V E L}^ for some 2 < 7 < 3. Then for every xq G R 
there is a constant Cxq such that 

rfii(x,A;) -rfii(x,0)| < C.,,\ky-\x > Xq, (2.52) 
rh2{x, k) — rh2{x,0) < Cxo\k\'^^'^ , x < Xq. (2.53) 
Proof: We give the proof of (|2.52|) . Equation ( p.53|) follows in a similar way. By ( p. 351) 



mi(x, k) — mi(x, 0) 



dy 



^2ik{y-x) _ 



V{y) {2«(l/ - x)mi{y, k) + mi(y, k)] - 

(2.54) 



dyV{y) [2i{y - x) {mi{y, k) - mi{y, 0)) + mi{y, k) - mi{y, 0)] dy. 
Then by (|ll|)with 7 = 2 and (|237|) 



mi(x, k) — mi{x, 0) 



(2.55) 



The Jost solutions, fj{x,k),j = 1,2, are independent solutions to (p.l|) for A; 7^ and 
there are unique functions T{k) and Rj{k),j = 1,2, such that 



/2(a;, A;) = Y{^fii^^ ^) + ^^•^1'^^' ~^)' 
= Yl^M^^ ^) + ^/^(x, -A:), 



(2.56) 



(2.57) 



for A; G R \ 0. The function T{k)fi{x, k) describes the scattering from left to right of a 
plane wave e^^^ and T{k)f2{x, k) describes the scattering from right to left of a plane wave 
g-«fcx r^YiQ function T{k) is the transmission coefficient , R2{k) is the reflection coefficient 



12 



from left to right and Ri{k) is the reflection coefficient from right to left. The relations 
( p.56| ) and ( |2.57| ) are expressed as follows in terms of the mj{x, k),j = 1, 2, 



T{k)m2{x, k) = Ri{k)e^'^''mi{x, k) + mi{x, -k), (2.58) 

T{k)mi{x, k) = R2ik)e-^'''m2{x, k) + m2(x, -k). (2.59) 

Moreover, T{k) is meromorphic for '^k > with a finite number of simple poles, 
i/^TV, i^N-i, ■ ■ ■ , iPi, Pj > 0, j = 1, 2, ■ ■ ■ , A^, on the imaginary axis. The numbers, — 
— /3|r_i, ■ ■ ■ , — /?! , are the simple eigenvalues of H. Furthermore, T{k) is continuous in 
'^k > 0, 7^ iPi,iP2,- --iPN and T{k) 7^ for /c 7^ 0. the Rj{k),j = 1,2, are continuous 
for G R. Moreover, the following formulas hold |^ 



11 1 f°° 

W) ^ 2tk^^'^''' ^^^ = '^~2^k J-00 ^^y^ ^ = ^' 

^'^^^ ^ ■[/2(x, k), Mx, -k)] = -V r e-'^'^ Viy) m2iy, k) dy, 



i?2(fc) 



00 



T{k) 

Furthermore, 



and 



1 1 POO 

— [/2(x, -k), A(x, k)] = — e'''yV{y) m,{y, k) dy. 



T{k) = 1 + (^-^^ , \k\ 00, ^^fc > 0, 
Rj(k) = O l^j ,\k\^ oo,kE R, 



T{k)\^ + \Rj{k)\^ = 1, J = 1,2, k e R. 



The behaviour as /c — > is as follows: 
(a) In the generic case 



T{k) = ak + o{k), a ^ 0, ^ 0, 9fc > 0, 



and i?i(0) = i?2(0) = -1. 
(b) In the exceptional case 

T{k) = + 0(1), ^ 0, Sfc > 0, 

1 + 

l-a^ 

Ri{k) = + 0(1), A; ^ 0, e R, 

1 + 

- 1 

i?2(A;) = ^ + 0(1), ^ 0, A; G R, 

1 + 

where a = hma;^_oo /i(2;,0) 7^ 0. For the results above about T(k) and Rj{k), j = 1,2, 
see 0, and [T^. In particular for the continuity of T{k) and of Rj{k) as A; ^ in the 
exceptional case for V & L\ see [|17|. 
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THEOREM 2.5. Assume that V G L^. 
(a)IfV is generic and 1 < 7 < 2, then 



\T{k)\ <C{l + \k\y\'^k>0, (2.70) 

fo(|A;i-A;2r-i), 1<7<2, 

Rj{k,) - R,{k2) = I (2.71) 
[ 0(1^1-^21), 7 = 2, 

as fci — — i> 0. 

//V^ zs exceptional and 2 < 7 < 3, t/ien 

T(A;)-T(0) = O(|A;|),A;-^0, (2.73) 

Rj{k) - Rj{0) = 0{\k\), A:-^0, j = l,2. (2.74) 

Moreover, 2/7 > 2 

i?,(A;i) - i?,(fc2) = O - fc2r"') , fci - A;2 ^ 0. (2.75) 
Proof: It follows from (|2]3) and (|]3D that 

|mi(x, A;)| < C, X e R, Sfc > 0. (2.76) 

We similarly prove that 



\m2{x, fc)| < C, X G R, ^^A; > 0. (2.77) 

Then (|2T0|) follows from {^), (pi]) , (CT ), (g^D, (|233| ), the first equality in 
(PO), (Pi, (Pi, (Pi and (irrzl) . 
If follows from ( pTDD that 



mi,„+i(x, fci) - mi,„+i(x, /C2) = /n(a;, ki, ^^2) + / -Dfelz/ - x)V{y) 

J X 

[mi,„(?/, ki) - mi^niy, ^2)] c^y, (2.78) 

where 

fn{x,ki,k2) := [Dk,{y-x)-Dk2{y-x)]V{y)mi^n{y,ki)dy. (2.79) 



Moreover, by (|2]^ 

in,. r.T^ - n,. (r)\ < 9, 

1 + |A;i - k2\\x 



\DkAx) - DkM\ < 2t^V-H^I^I- (2-80) 



Then by (|2]2|) for x > 

\Ux,k^,k2)\<f-y{k,-k2), (2.81) 

where for 1 < 7 < 2 



/ \k\y ^ 



f^^k) = C \kr' ^7|y(^)| dy, (2.82) 
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Note that as k ^ 

(oi\k\^-^), 1<7<2, 
fyik) = (2.83) 
[0i\k\), 7 = 2. 

Since the function: A —>■ \k\X{l + |fc|A)~^ is an increasing function of A, for A > 0, we have 
that (see (^) and (^^)) for all a; G R 



(|x| + \y\)\V{y)\dy < C J^\. ^^'j"^!' , + C 



< C 



1 + \ki — k2\\x 
\ki - k2\\x 



l + |A;i-A;2||l/| 



dy 



1 + |fci - k2\\x\ 



+ f^{ki - fca)- 



(l + |x|). 



(2.84) 



Furthermore, for x < (see (|2.7| ) and (|2.80|) ) 



\DkAy -x) - Dk^{y - x)\ \V{y) mi^niy, k2)\dy < 



° \k.-k2\i\x\ + \y\r 1^(^)1 + 1^1),^ -^.ii-p 



Ix l + |A;i-/i;2|(|x| + |i/|) 
By (ICTl ) and (glSSQ for x < 



l + \ki- k2\\x\ 



\fn{x, ki, k2)\ < g^{x, ki - ^2) 



where 



g^{x,k) := C 



\x\ 



l + \k\\x\ 

By (|]7D and (|]8|) we have that for x > 



(l + |x|). 



(2.85) 

(2.86) 
(2.87) 



\mi^n+i{x,ki) - mi^n+i{x,k2)\ < f^{x,ki-k2) + / |mi,„(2/, A;i) - mi,„(?/, A;2)| y\V{y)\dy. 

(2.88) 

Since mifl{x, k) = 1, it follows from ( p.78|) and (|2.81| ) that 



|mi,i(x, ki) - mi,i(x, k2)\ < /^(x, ki - ^2), x > 0. (2.89) 
Then iterating ( p.88| ) we prove that 

\mi{x,ki) -mi{x,k2)\ < f\{x,ki - A;2)e(/r2^l^fe)l'^?'), x > 0. (2.90) 



Moreover, taking the limit as n — > 00 in ( p. 78 ) and using ( 2.21 ), ( 2.86 ) and ( p. 90 ) we 
obtain that for x < 



|mi(x, ki) - mi(x, k2)\ < gj{x, ki - /C2) + / (|a;| + |?/|)|V(?/)| \mi{y, ki) - mi{y, k2)\dy, 

(2.91) 
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where in the right-hand side of (|2.87| ) we take a constant C large enough. Let us denote 

|mi(x, ki) — mi(x, k2)\ 



g^{x, ki - k2) 

Then it follows from ( p.91| ) that for x <0 

h{x, fci, ^2) < 1 + + \y\)\V{y)\h{y, fci, k2)dy, 



(2.92) 



(2.93) 



where we used that g^{x,k)/{l + |a;|) is an increasing function of By ( ^.93| ) and 
Gronwall's inequality (see page 204 of |jl9[|) we have that 



h{x,ki,k2) < e/o°°(i+l^l)l^(^)l''^ 
and then taking in ( p.87|) C large enough we obtain that 

|mi(x, ki) — mi(x, k2)\ < g^yix, ki — ^2)- 



We similarly prove that 



\m2{x, ki) - m2(x, k2)\ < g^ix, ki - ^2) 



(2.94) 



(2.95) 



(2.96) 



Note that in the proof of (|2.95|) , (|2.96|) we only used that V E L}^, 1 < 'j < 2. We now 
prove ( |2.71| ). It follows from ( p.58| ) that 



Ri{ki) - R,{k2) = {mi{x,k2)) 



-1 



T{ki) m2(x, ki) - e-2^'=2"T(A;2) m2(x, k2) + 



-2ik2X 



mi{x, — ^2) — e '^'^''^^mi{x, —ki) + Ri{ki){mi{x, /C2) — Tni{x, ki)) 



Then by (|2.4| ) and (2/7) there is an xq G R such that 



\mi{x, k)\ > -, X > Xo, k E H. 



(2.97) 



(2.98) 



Then ( pTID with j = 1 follows from ( pTOD , ( ^1951) and (g]96|) taking in (g]93) any x > Xq. 
Equation (|2.71|) with j = 2 is proven in a similar way. Equation (|2.72| ) follows from ( p.7|) , 
(PD, ( CT ), (iH), dMl), (1^331) , (|237|) , (|3|), (|32D, (|33D, the first equality in the 
right-hand side of ( p.60|) and ( |2.65| ) and noting that if V E 



[f\{x, k), f2{x, k)] = ik^-^ + o (e) ,k^o. 

Equation (|2.99 ) is proven by the argument given in |17] to prove that 



(2.99) 



[fi{x, k), f2{x, k)] = ik h o{k), k ^ 0, 



(2.100) 



in the case when V E L\. The fact that in ( p.99| ) we have O (A;^) instead of o{k) follows 
because we assume that V E L}^,'y > 2 (see ( |2.11| ) and ( p.l2| )). Equation ( |2.73| ) follows 
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from the first equality in the right-hand side of (|2.60|) and by ( p.99|) . Also (|2.74| ) follows 
from the first equality in the right-hand side of ( |2.61| ) and ( p.62| )and observing that 



k), Mx, -k)] = -tk^—^ + O (k^) , ^ ( 
Equation ( |2.101D is proven as ( ^^.991 ). It follows from ( |2.72D that 

T{k,) - T{k2) = O - fcar-') ,ki-k2^0. 



Then ( pTSD with j = 1 follows from p:95| ), p:96| ), (|2:9^ ) and pTM 
with j = 2 is proven in the same way. 



(2.101) 

(2.102) 
Equation ( pT5| ) 



The results on the spectral theorem for H that we state below follow from the Weyl- 
Kodaira-Titchmarsch theory. See for example 0]. For a version of the Weyl-Kodaira- 



Titchmarsch theory adapted to our situation see Appendix 1 of ||3^ and also the proof of 
Theorem 6.1 in page 78 of |3^. Let us denote for any G R 



-±=T{k)Mx,k), k>0, 



^+(a;,A;) : = 



^^T{-k)f2{x,-k), k<0, 



(2.103) 



and \E'_(x, — A;) := \E'+(x, fc). Let Hac{H) be the subspace of absolute continuity of H. 
Then the following limits 



N 



4>±{k) s — lim / '^±{x, k) (f){x) dx 

N—>oo J-N 



(2.104) 

exist in the strong topology in for every G and the operators 

(F±0) (k) := Mk) (2.105) 
are unitary operators from TiaciH) onto . Moreover, the F*± are given by 

(F*±0) (a;) = s - lim / ^! ±{x,k) (p{k) dk, (2.106) 

N-*oo J-N 



where the limits exist in the strong topology in L^. Furthermore, the operators F*±F± are 
the orthogonal projection onto TiadH). For each eigenvalue of if, let ^E'j, j = 1, 2, ■ ■ ■ , 
be the corresponding eigenfunction normalized to one, i.e. ||\E'j||i2 = 1. The operators: 



',^,)^„J = 1,2 



,---,Ar, 



(2.107) 



are unitary from the eigenspace generated by ^ j onto C. The following operators 



are unitary from onto ®^=i C* and for any G D{H) 
F^H(t>=[k\F^m).-^lF^ 
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■ ■ ■ , —PlfF^ 



(2.108) 



(2.109) 



Moreover, for any bounded Borel function , $, defined on R 

= ■ ■ ■ , $(-/3^)F;v0} • (2.110) 

The projector, Pp, onto the subspace of generated by the eigenvectors of H is given by 



N 



(2.111) 



Since H has no singular-continuous spectrum the projector onto the continuous subspace 
of H is given by: Pc .= I — Pp. It follows from ( |2.11(J| ) that 



-UH 



Pr = F^*e 



it* —ik'^t T7it 



(2.112) 



Equation ( p.ll2| ) is the starting point of our proof of the — L°° estimate (Theorem 1.1). 
We divide the proof of the — L°° estimate into a high-energy estimate and a low-energy 
estimate. For this purpose, let $ be any continuous and bounded function on R that has 
a bounded derivative and such that $(fc) =0 for \k\ < ki and $(fc) = 1 for \k\ > k2 for 
some < ki < k2. 

LEMMA 2.6. (The high-energy estimate). Suppose that V e L\. Then e~'*"^{H)Pc 
extends to a bounded operator from to L°° and there is a constant C such that 



e-'^"^H)P, 



C 

< ^,t>0. 



(2.113) 



Proof:Let us take x ^ x{k) = 1, \k\ < 1 and x(^) = 0, k > 2, and let us denote 
Xn{k) = x{k/n),n = 1, 2, ■ ■ -. Then it follows from ( p.ll2| ) that for any f,g E (1 L^: 



(e-''''^H)PJ,g)=lim{e~''''^H)xn{H)PJ,g)=lim / dx dy<^t,4x,y)f{x)g{y) 
where 



$i,„(x, y) := / e-'" *Xn(fc')*(A;')*+(x, A;)v[/+(y, k)dk. 



(2.114) 
(2.115) 



We have that, 



where 



$i,„(x, y) = <l>l°i (x, y) + (x, y) + <l>\%' {x, y) + <^\J (x, y) 



(+), 



(2.116) 



C(a:,Z/): = 
$ff(a:,y) := 



-ik''t 



-ik^t 



-ik(x-y) 
^-'''—r> Xn{k')dk, 


(2.117) 


-ik(x-y) 

-^^xnik'me) - i)dk, 


(2.118) 


Xnik'^)m+{x,y,k)dk, 

ZTT 


(2.119) 


^~ik{x~y) 

Xnik'^)m-{x,y,k)dk, 

ZTT 


(2.120) 
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with 



m±{x,y,k) := <I>(P) {T{k)mj(^±){x, k) - l)T{k)mj(±){y, k) + 



T{k)mj^±){y,k) - 1 



±k > 0, 



where = 1 and j( 



2. Since the inverse Fourier transform of ^=e ^'^^^ is 



(2.121^ 



(2.122) 



it follows that 



\im J dxdy^[%,y)f{x)g{y) = J dx dy^f\x,y)f{x)g{y). (2.123) 



Changing the coordinates of integration in ( |2.118D to p = k — ko where ko = {y — x)/2t we 
obtain that 



ZTT 



27rV2it 



^ dpe-'P\n {{p + ko)') ($ ((p + ko f) - 1 



(2.124) 



where in the second equality we used the Plancherel theorem and /?.„(p) is the Fourier 
transform of the function /in(p) defined as follows 



hn{p) ■■= Xn {{P + kof) ($ ((p + koY) - 1). 



Since, 

we have that 



^1 ll^»i|lwi — ^ 



< 



<l>(p2) - 1 
C 



Wi 



(2.125) 
(2.126) 
(2.127) 



Let us denote h{p) := $((p + /co)^) ~" 1- Then since hn{p) converges to h{p) in the 
norm, it follows from ( |2.124| ) and the dominated convergence theorem that 



hm <i>i%,y) = <l>i'\x,y) := -^-^ e^(-^)V4* T e^pV^t ^^^^^^ 



and that 



'^i^\x,y) <^,x,yeR. 



C 



Using the dominated convergence theorem again we prove that 

JHSd / ^^^y^t^nix,y)f{x)g{y) = j dxdy^i^\x,y)f{x)g{y). 

We denote 



m+^e{x,y,k) :-- 



m+(x, y,k), k > 0, 



(2.128) 



(2.129) 



(2.130) 



(2.131) 



0, 



A; < 0. 
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Then since $(A;^) = for \k\ < \fk\ and = 1 for \k\ > it follows from 

( CT ), (EH), ( PTTOD and (p32Tl ) that for some constant C 



\\m+,e{x,y, OllvFi ^ a;,?/ > 0. 



Then, as in the case of we prove that 



<^l'!n\x,y) <^x,y>0,t>0. 



C 



Vi 



and that 



lim <l>i%\x,y) = : 



'm+^e{x,y,p)dp, 



where m+^e(a;, p) is the Fourier transform of m+^e(a;, y,k + fco), and that 



< ^, x,y>0,t >0. 



Using (|2.58| ) we write (|2.12CI| ) as follows 



J=2 



where 



.. ^ . Q-ik(lx-ry) 
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Xn{k'^)mj{x,y,k)dk, 



■ms{x,y,k) := ^{k )Ri{k^)mi{x, k)mi{y, k)^ 
rui^x, y, k) := $(A;^)-Ri(A;)(mi(x, A;) — l)mi(?/, /c), 



and 



m^{x,y,k) := $(A; )(mi(x, A;) — l)mi(|/, fc). 



Then as in the case of we prove that 



C 

<l>i;r!{x,y)\ <-^,x,y>0,t>0, 



and that 
where 



lim <!>L\x,y) = $1 ' {x,y), x,y > 0,t > 0, 



.(-) 



'ix,y) =J2'^tix,y), 

J=2 



(2.132) 



(2.133) 



(2.134) 



(2.135) 



(2.136) 



(2.137) 



where for j = 2, I = r = 3, for j = 3, / = 3,r = 1, for j = 4, Z = l,r = 3, and for 
j = 5, I = r = 1. Moreover, (recall that mj{x, —k) = mj{x, k)) 

m2{x,y,k) := ^{P) [\Ri{k)\^mi{x, k)mi{y, k)] , (2.138) 

(2.139) 
(2.140) 

(2.141) 



(2.142) 

(2.143) 
(2.144) 
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with 



(2.145) 



with rrij^x, y, p) the Fourier transform of mj{x, y,p + {ry — lx)/2t). We also have that 



$i \x,y) < ^, x,y>0,t>0. 



C 



(2.146) 



By the same argument as above and using also (|2.59| ) we prove that for {x > 0,y < 0), {x < 
0,y>0) and {x <0,y<0) 



and that 



$JJ(x,i/)|<-^, t>0, 



Jim $i^J(x,i/) = <l>i^\x,y), 



for functions ^['^\x,y) that satisfy 



#)(x,y) 



C 



(2.147) 
(2.148) 

(2.149) 



We can explicitly compute ^f{x,y) as in the >0,y> 0).Then (|2J47| ), (|234| 



and (^1491 ) hold fo r all x,y e R and using (|TT|), ( gTTBD , ( pl23| ), (|2:T27|) , (^TTSOl) , 
( ^l4^ ) and ( ^lisD we prove that 

(e-**^$(i/)PJ, (?) = [$r^(x,i/) + $r^(x,i/) + <^i-^\x,y) + ^i-\x,y)] f{x)M- 

(2.150) 

Then by (P?!^ ), (PTT^ ) and ( ^TH^ ) 



e-^^^^H)PJ,g) < —11/11^,11^11^,, t > 



(2.151) 



for all /, (7 G n L^. By continuity this estimate holds for all f,g G and (|2.113|) 
follows. 



Let \1/ be any function on (R) such that \I^(A;) = 1, < 5, for some 5 > 0. 



LEMMA 2.7. (^T/ie low-energy estimate). Suppose that V & L}^ where in the generic case 
7 > 3/2 and in the exceptional case 7 > 5/2. Then e~**^\l/(-ff)Pc extends to a bounded 
operator from to L°° and there is a constant C such that 



e-**^^(i7)Pe 



(2.152) 
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Proof : As in the proof of Lemma 2.6 it follows from (|2.112|) that for all f,g & (1 L"^ 

(e-**^v]/(i7)pj, g)= fdx dy $i (x, y)f{x)'^, (2.153) 



where 
with 



Mx,y) = <l>l+^(x,y) + $1 '{x,y), 

-ik{x—y) 
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■ m+(x, k) dk, 



\x,y); 



2 e"*'''^'*"^^ 
-CX3 27r 



and 
with 



"^±(3;, y, k) ■= k) 



(2.154) 

(2.155) 
(2.156) 

(2.157) 
(2.158) 



q±{x,y,k) ■.= T{k)mj(±){x,k)T{k)mj(^±){y,k), ±k > 0, 

where j(+) = 1 and j(— ) = 2. 

Let us consider first the generic case. In this case it follows from ( p.66| ) that 
m±{x,y,0±) = 0. We denote 



m+^e{x,y,k) :-- 



m+{x, y,k), k >0, 



(2.159) 



0, k<0. 
Let us denote by ui+^^^y^p) the modulus of continuity of m+ e(x, y), i.e., 
uj+,x,yip) ■= \\m+,eix,y,k + p) - m+^eix,y,k)\\^2 ■ 

Remark that 

^+,xM < 2 \\m+^e{x,y, ■)IIl2 < C^o' x,y> ^0- 



(2.160) 



(2.161) 



Without lossing generality we can assume that 7 < 2. Then by (^), ( ^TTD , ( ^7oD , (^l56|) 

'^+,x,y(p) < C'^o IP^~^ a;, 2/ > a;o. (2.162) 



and (1271571) for |p| < 1 



It follows from (|2A6T|) and ( ^1621) that for any <«< 7 - 1 

1 



dp\uj+,^,y{p)\ < 



00 



and then by Proposition 4 in page 139 of |2^ 

||^+,e(3;, y, ■) — Ca,xo, y > Xq, 



(2.163) 



(2.164) 



for any < a < 7 — 1. Let us denote k^ = {y — x)/2t. Then we prove as in Lemma 2.6 
that ( pl27D 



1 



^ip^At m^^^^x,y,p) dp, 



(2.165) 
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with m+_e(a^, p) the Fourier transform of m+^e(a;, y,k + ko). But since for ^ < a < 7 — 1 



\\m+,e{x,y,-)\\L^ < C (1 + p2)2m+,e(a;,i/, ■) = C \\m+^e{x,y,-)\\^^ < C, x,?/ > 0, 

(2.166) 

we have that 



^i'^\x,y) <^^,x,y>0,t>0. 



C 



(2.167) 



Using (13), (pD, (imp , (|2l^ ), (I^D, (I^D, (|;6T|) and (|7l|) we prove in the same 
way that ( |2T67D holds for {x>0,y< 0), {x <0,y>0) and (x < 0,?/ < 0) and that the 
same is true for ^[~\x,y) (see the proof of Lemma 2.6 for a similar argument). Then we 
have that 

\M^,y)\<-^^,x,yeR,t>0. (2.168) 

Equation (2.152) follows from ( ^^.168 ) as in the proof of Lemma 2.6 

Let us now consider the exceptional case. The new problem is that now m±{x, y, 0±) 7^ 
0. Let us write ^i^^ as follows 



^i-^\x,y) = <^\"{x,y) + <l>r{x,y), 

ik{x—y) 



where 



with 



^^\x,y) ■■= f e 
Jo 



00 , o P 



m^^\x, y, k) dk, j = 1, 2, 



2tt 



m^^\x, y, k) := ^(A;^) [g+(x, y, k) - g+(x, y, 0+)] , 
m^'^\x,y,k) := ^(A;^)g+(x, ?/, 0+). 
Then using Theorem 2.5 (b) we prove as in the generic case that 



^t^\x,y) <^,x,yeR,t>0. 

Let ^l/(A), A > 0, be the cosine transform of \E'(/c^): 

*(A) := / cos{\k)'^{P)dk. (2.174) 
Jo 

Then integrating by parts we prove that for any > there is a constant Cat such that 

^(A) < Cjv(l + |A|)-^. (2.175) 



C 



(2.169) 

(2.170) 

(2.171) 
(2.172) 

(2.173) 



Since 



we have that 



^?\x,y) 



2 r'^ 

^(A;2) = - / cos(AA;)^(A)ciA, 
vr Jo 



(2.176) 



q+{x,y,0+) 



TT JO 



d\^{\) I e-'^''e-'^^''-y^ co^{\k)dk. (2.177) 



But 
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-ik^t —ik{x—y) 



cos{Xk) dk 



C 



(2.178) 



The estimate ( 2.178|) is proven by explicitly evaluating the cosine transform using the 
following equations from [^]: 3 in page 7, 1 in page 23, 7 in page 24, 3 in page 63, 1 in 
page 82 and 3 in page 83. Then by (gTfSD , (^TfTl) and (|2Tf8| ) 



^?\x,y) < x,y eR,t>0. 



C 



It follows from (|2l69|) , (|2Tf3D and ( pTf9| ) that 



We prove in the same way that 

.(-) 



C 

<-j=,x,yeR,t>0. 



C 



$i '{x,y) <-j=,x,yeK,t>0. 



(2.179) 



(2.180) 



(2.181) 



Equation (^3521) follows from (|]T5|), (|2J[5^ ), (|2l80|) and ( gl8l| ) as in the ^enenc case. 
Proof of Theorem 1.1: The theorem follows from Corollaries 2.6 and 2.7. 
Proof of Corollary 1.2: Since H is self-adjoint 



B(L2) 



< 1. 



(2.182) 



Then the corollary follows interpolating between (|1.17|) and ( p.l82| ) (see the Appendix to 

iH). 

Proof of Corollary 1.3: Corollary 1.3 follows from Corollary 1.2 as in the proof of Theorem 
4.1 of HI. 



3 Inverse Scattering 

Proof of Theorem 1.4: We prove this theorem by verifying the conditions of the abstract 
Theorems 1 and 2 of |^ and of Theorem 16 of ||2^. This is done as in Theorem 8 of |^ and 
Theorem 17 of |28|. We define X and X3 as in the Introduction and Xi := L p . It follows 
from the Sobolev imbedding theorem (see [|l|) that X C X3, with continuous imbedding. 



Concerning hyphotesis (V) in page 113 of note that since by Sobolev's imbedding 



we have that Xi C Wi. But as e e B{Wi), it follows by duality 



Then for all G Xi, e 



-itH 



e W-i and e 



-itH 



-isH , 



A{t+s)H 



theorem Wi C L^^ 
that e-''^ e B{W, 
for all t, s G R. 

To verify hypothesis VII of Theorem 16 of [Q, as in the proof of Theorem 8 of p7| , 
we need the following result. Let g be any real- valued function defined on R such that 
(?(0) = and for all m, f G R: 



and 



\g{u) - g{v)\ + \g{u) - g{v)\ < C\u - v\ 



\9{u)\ < \f{u)\. 



(3.1) 
(3.2) 
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For I any interval let us denote by C(/,X) the Banach space of bounded and continuous 
functions from / into X with the supremun norm and by Bp{I,X) the ball of center zero 
and radius p in C{I,X). Then for any G X{p/2) and any s G R the equation 

u{t) = e-'*^0 + - /* e-'(*-")^Pg(M(r))rfr, (3.3) 

I J s 

where 

PMr)) ■■= 9iHr)\)^ (3.4) 

\u{t)\ 

has a unique solution ^(t) G i?p(R, X) and moreover, the norm and the energy are 
conserved: 

ll'w(t) II L2 = constant (3.5) 

1 f 

Eg ■= - \\VHu{t)\\l2 + J dxG{\u{t)\) = constant, (3.6) 

for all t G R, where G is the primitive of g such that G{0) = 0. To prove this result we 
observe that it follows from (13.11) and (13.21) that 



||P,(0) - P,(^) llx < C (II0IU + II^IU) U - i^Wx, (3.7) 

for all & X. Then by a standard contraction mapping argument (|3.3| ) as a unique 
solution on C{[s — e, s + e], X) provided that < e < l/3Cp and < e < 1/2C. Suppose 
that ( p.5|) and ( p.6|) are true for t G |s — e, s + e]. Then since |G'(A)| < CX^, 

\\u{t) fx < 2Eg + 2(1 + C) \\u{t) Ilia <C,te[s-e,s + e]. (3.8) 



Since ||M(t)||x remains bounded as t ^ s ± e by a constant C that depends only on \\cp\\x 
we can extend u(t) into a global solution such that ( |3.5| ), (|3.6|) hold for all t G R. It 
remains to prove that (|0| ), (|3.6| ) are true for t G [s — e, s + e]. In the constant coefficient 
case, ^ = 0, this is accomplished by approximating the local solution in Wi by solutions 



in W2, see |]T5| and |]T6| or by regularizing equation (|3.3|) by taking convolution with a 
function in Schwartz space, see 0], and 0. This is possible because in the constant 
coefficient case D{H) = D{A) = W2- In our case this is not a convenient approach. Since 
we only assume that V E L}^ we do not have much control over D{H). We only know 
that D{H) is a dense set in X. To solve this problem we regularize ( p.3|) multiplying it 

by an appropriate function of H. Let us denote rn{H) := + 1^ , n = 1, 2, ■ ■ -. The 
regularized equation is given by 

Ur.{t) = e-** V(i^)0 + - f e-^(*-^)^r„(i7)P, (r„(ff)M„(r)) dr. (3.9) 

I J s 

As above we prove that (|3.9|) has a unique solution for t G [s — e, s + e]. Note that we 
can take e independent on n. Moreover, since Hrn{H) G B{X) we have that actually 
Unit) e C\[s - e,s + e],X). Then 

|imt)||i. = 25?L(t),|«„(t)]. (3.10) 
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Since Un(t) is a solution to the equation 

and since H is self-adjoint, it follows from ( |3.10| ) that 

|ll«n(t)||i.=0. (3.12) 



Furthermore, 

1 

2di' 



i/M„(t)||i2 = ^ (^VHUn{t),VH^Un{t)^ . (3.13) 

Let us define 

Qnit) := y dxG{KiH)un\). (3.14) 

Since |G(A)| < C|A|2, 

|Q„(t)| <C||n„(t)||i2. (3.15) 

Furthermore, since Un{t) G C^([s — e, s + e],X) it follows from a simple proof using the 
fundamental theorem of calculus (see the proof of Lemma 3.1 of for a similar argument) 
that 

We define the regularized energy as follows 

E^t) := ^\\VHu^{t)\\l,+Q4t). (3.17) 
It follows from (|3.11| ), (|3.13|) , (|3.16| ) and since H is self-adjoint that 

^E^{t)=0. (3.18) 
at 

By ( |3.12|) and (|3.18|) , ||un(t)||L2 and En{t) are constant for t e [s — e,s + e]. We prove 
below that u„(t) converges strongly in X to u{t). Since moreover, rn{H) converges to the 
identity strongly in X, equations ( |3.5D and ( p^ ) hold for t G [s — e, s + e]. It only remains 
to prove that 

lim \\uJt) -u(t)\\x = 0. (3.19) 

But by (U), (13) and (l^) 

||M„(t) -M(t)||x < f dT\\rn{H)Pg{rn{H)un) - rn{H)Pg{rn{H)u)\\x + 

J s 

dT\\rn{H)Pg{rn{H)u) - Pg{u)\\x < 2Ce p\\u„ - u\\c{ls~-e,s+e],X) + 

2Cep f'\\{r^{H)-l)u{T)\\xdT. (3.20) 
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But since 2Cep < 2/3 

\\Un - u\\c{[s-e,s+e],X) < QCtp 



{rniH)-l)uiT)\\dr^O, 



as ^ oo. As in the proof of Theorem 17 of [28| we have to prove that e' 



(3.21] 



-itH 



B {X, U' (R, V'^'P)). Let us denote by V the set of points in the 



■1 1^ 



plane, 1 < p, g < cxd, 



such that e-^*^ G B (X, U (R, U)). We aheady know that A := (|, 0) e V because e"^*^ is 
a unitary operator on L^. Since e"**-^ is unitary on X, we have that e"**-^ G i3 (X, L°°(X)) 
and as by Sobolev's theorem X is continuously embedded in L°° it follows that 
B := (0,0) G P. By Corollary 1.3 e"^*^ G B {L^ , {R, L^)) and then C := (i, i) G P. 
Since A, 5, C G P it follows by interpolation (see |2^) that the solid triangle with vertices 
A, B, C belongs to V. Let us consider the following curve, C, in the (^, ^) plane: 



1 

r 



1 

2 



1 



2-^ 
q 



2q 



(3.22) 



Note that C goes from i? to C and that for < - < | the curve C is contained in the 

o — q — 6 

triangle with vertices {A, B, C). Then C CV for < ^ < | and then taking g = j9 — 1, we 
have that e-'^^ G B (X, U' (L^+i)) for 5 < p < oo, with r := (p - 1)/(1 - d). 
Proof of Theorem 1.5 : The proof of Theorem 1.1 of applies in our case with no 
changes. 

Proof of Corollary 1.6 : By Theorem 1.5 S determines uniquely Si^. Let us denote 



5i := FSlF"" 

and let V be the following unitary operator from onto L^(R+) © //^(R"* 



Uf{k) :- 



f2{k) 



where fi{k) := f{k), k >0, and f2{k) := f{—k), k > 0. Let us denote 

Sl := USlU*. 

Pearson proved in Section 9.7 of |^ that for V bounded and with fast decay: 



Sr 



f2{k) 



T{k) Ri{k) 
R2{k) T{k) 



h{k) 
f2{k) 



(3.23) 



(3.24) 



(3.25) 



(3.26) 



Let us assume that V & L\ for some 5 > 1. Let K, G C, 



; 



n 



1, 2, ■ ■ ■ be such that 



lim \\V„-V\ 



0. 



(3.27) 



Let us denote by Si^n, Tn{k) and Rj^n{k),j = 1, 2, the scattering operator, the transmission 
coefficient and the reflection coefficients corresponding to Vn- Then by the proof of Lemma 
1 of H and by equations (^M ) to (|2]6|) 



lim TJk) = T(k), lim R, Jk) = Ri(k),j = 1,2. 



(3.28) 
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Moreover, by the stationary formula for the wave operators (see equation (12.7.5) of |p5| ) 
and from the resuhs in Chapter 12 of p5 



s - hm Srn = Sl 



(3.29) 



where the hmit exists in the strong topology in L^. Then by continuity ( p.26| ) is true also 
for V & Ll,6 > 1 and it follows that from 5*^ we obtain the transmission coefficient and 
the reflection coefficients. But since V has no bound states one of the reflection coefficients 
uniquely determines V ( see for example f^, ||2| or [|To[] ). 

Proof of Corollary i.7.'The proof of Corollary 1.3 of ^T| applies in this case with no 
changes. 
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